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Abstract. We define the analytical and the topological indices for continuous families of operators in the C* -closure of the 
Boutet de Monvel algebra. Using techniques of C*-algebra K-theory and the Atiyah-Singer theorem for families of elliptic 
operators on a closed manifold, we prove that these twro indices coincide. 
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Introduction 



Boutet de Monvel's calculus [5] provides a pseudodifferential framework which encompasses the clas- 
sical differential boundary value problems. In an extension of the concept of Lopatinski and Shapiro, 
it associates to each operator two symbols: a pseudodifferential principal symbol, which is a bundle 
homomorphism, and an operator-valued boundary symbol. Ellipticity requires the invertibility of both. 
^H , In this case, the calculus allows the construction of a parametrix. If the underlying manifold is com- 

S^ ' pact, elliptic elements define Frcdholm operators, and the parametrices are Fredholm inverses. Boutet 

de Monvel showed how then the index can be computed in topological terms. The crucial observation is 
that elliptic operators can be mapped to compactly supported K-theory classes on the cotangent bundle 
over the interior of the manifold. The topological index map, applied to this class, then furnishes an 
integer which is equal to the index of the operator. 

For the construction of the above map, Boutet de Monvel combined operator homotopics and classical 
rvQ ' (vector bundle) K-theory in a very refined way. It therefore came as a surprise that this map - which is 

^ , neither obvious nor trivial - can also be obtained as a composition of various standard maps in K-theory 

CN ' for C*-algebras - which was not yet available when [5] was written. In fact, it turns out to be basically 

sufficient to have a precise understanding of the short exact sequence induced by the boundary symbol 
map, [T7], see also [TB] . 

In the spirit of the classical result of Atiyah and Singer [3] we introduce and consider in this article 
families of operators in Boutet de Monvel's calculus, an issue that has not been addressed in |5]. 



m 

*vj . More specifically, we consider a compact manifold X with boundary and then a fiber bundle Z ^i- Y 

with fiber X over a compact Hausdorff space Y. We are then studying fiberwise (elliptic) Boutet de 
Monvel operators, depending continuously on y € Y. In order to be able to use the powerful tools of 
C*-algebra K-theory we define such an operator family A over F as a continuous section of a bundle of 

/\^ , C*-algebras over Y, a concept which is slightly more general than that of Atiyah and Singer, who equip 

the set of operators with a Frechet-spacc topology. In fact, restricted to the case without boundary, our 
algebra of continuous families 2t contains that of |3] as a dense subalgebra. 

While the analytic index inda(A) of such an elliptic family A as an clement of K(Y) is easily defined 
following Atiyah and Janich JT], cf. DcfinitionfTSlbclow. it is less obvious how to obtain the topological 
description. Similar to Boutet de Monvel's approach, the essential step is the construction of a map which 
associates to an elliptic family an element of the compactly supported K-theory of the total space of the 
bundle of cotangent spaces over the interior of the underlying manifolds. We regard this map as a 
homomorphism defined on Ki (21/.^) , where M. denotes the ideal of continuous families which have values 
in compact operators. In its definition, we use a fact which builds upon an observation of Boutet de 
Monvel: There exists a natural subalgebra 21^ of 21 for which ii'*(2lV-S) — i^*(2t/.ft) so that each elliptic 
family A in 21 can be represented by a class a £ A'i(2tV-^)- Moreover, 21^-^ is commutative which allows 
us to make the connection to classical (vector bundle) K-theory. Then indf(A) is defined by applying 
the classical construction of the topological index to a, compare Definition 1161 

Our main result is then that these two indices are equal. To prove this, we reduce to the classical 
families index theorem of Atiyah and Singer [3] . We assign in a canonical way to A an index problem on 
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a bundle of closed manifolds, namely the double of our original bundle of manifolds with boundary. We 
then show that this associated family has the same analytic as well as topological index as A. In this 
step we make once more use of the isomorphism Ki{^/^) = i^i (2l'l' /.ft) . 

It is perhaps worth stressing that our index theorem does not use the Boutet de Monvel index theorem 
for boundary value problems, which can actually be obtained from ours by taking Y equal to one point. 
Taking the families index theorem for granted, Albin and Melrose derived a more refined formula for the 
Chern character of the index bundle in terms of symbolic data pQ Theorem 3.8]. 

The paper is structured as follows: Section [1] starts with a review of the Boutet dc Monvel calculus 
for a single manifold. We introduce the C*-algcbra A of Boutet de Monvel operators of order and class 
zero and the boundary symbol map 7. Section [2] gives the technical introduction of operator families 
in Boutet de Monvel's calculus over a compact Hausdorff space Y. We define them as the continuous 
sections into a bundle of operator algebras whose typical fiber is the C*-algebra A. In order to keep the 
exposition simple, we first treat the case where E is trivial one-dimensional and -F = 0. We introduce 7 
as the fiberwise symbol map and extend the results on the kernel and image of 7 to the family situation. 

While in the single operator case this was sufficient to compute the K-theory of A/K., the situation is 
more complicated in the families case. In fact, an important ingredient in [17| is that fact that whenever 
X is connected and dX ^ there exists a continuous section of S*X°. This is no longer true in the 
families case. Instead, we prove in Theorem [1^ the fact alluded to above: For F = we define 21^ as the 
C*-algcbra generated by all sections whose pseudodiffcrcntial part is independent of the co-variable at 
the boundary and whose singular Green part vanishes. Then 2l^/j? is commutative. Moreover, we use a 
Mayer- Vietoris argument to show that the inclusion map induces an isomorphism 

(1) A',(2lV^)^ A'*(21M). 

In Section [3] we study the index problem. Again, we confine ourselves first to the case of trivial one- 
dimensional bundles. We introduce the analytic and topological index and, as our main result, prove that 
the analytic and the topological index are equal. To achieve this, we reduce with the help of a doubling 
procedure to the case of families of closed manifolds. This reduction is based on the fact that we can 
use the isomorphism in ([T]) to represent any clement of Ki{Qi/A) as a i^i-class of Sl^-^- In SectionUwe 
finish by explaining the arguments needed for the general situation. 

Two appendices give technical details about the structure group of our families and about the Kiinneth 
theorem we are using. 

1. Boutet de Monvel calculus for a single manifold 

In this section, we introduce notation and recall the case of single operators. Details can be found in 
the monographs of Rcmpcl and Schulze [50] and Grubb [S] as well as in the short introduction [35] . 

Let X be a compact manifold of dimension n with boundary dX and interior X°. We equip X with 
a collar (i.e, a neighborhood U of the boundary and a diffcomorphism 5: U -^ dX x [0, 1)) which then 
induces the boundary defining function x„ = ^"'[o.i) °^ The variables of dX will be denoted x' . The collar 
is used to provide the double 2X of X with a (noncanonical) smooth structure. Recall that 2X is the 
union of two copies X^ and X^ of X quotiented by identification of the two copies of dX. 

An element in Boutet de Monvel's calculus is a matrix of operators 

P +G lO C°°{X,Ei) C°°{X,E2) 



(2) A-^ 

' C°°{dX,Fi) C°^{dX,F2) 

acting between sections of vector bundles £'1,-^2 over X and Fi,F2 over dX. In this article we shall 
focus on the case of endomorphisms, where Ei = E2 = E and Fi = F2 = F. For convenience, we 
choose a Riemannian metric g on M and Hcrmitean metrics on E, F to later obtain fixed Hilbert spaces 
structures, although the results do not depend on these choices. The operator P+ in the upper left 
corner is a truncated pseudodifferential operator, derived from a (classical) pseudodifferential operator 
P on 2X. Given u G C°"{X,E), P^u is defined as the composition r^Pe^u. Here e+ extends u by 
zero to a function on 2X , to which P is applied. The result then is restricted (via r+) to X. In general 
it is not true that P+m G C°°{X,E). In order to ensure this, P is required to satisfy the transmission 
condition: li p ^ '^Pj is the asymptotic expansion of the local symbol p oi P into terms pj{x,^), 
which arc positively homogeneous of degree j in ^ one requires that, for x„ = and ^ = (0, ±1) one 
has D^D'^pjix', 0,0,1) = (-1)''^°'^ D^D'^pj{x' ,0,0,-1). As for the remaining entries, G is a singular 
Green operator, T a trace operator, K a potential operator, and S a pseudodifferential operator on the 
boundary. 
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Operators in Boutet de Monvel's calculus have an order and a class or type. There are invertible 
elements in the calculus which allow us to reduce both, order and class, to zero. The operators then form 
a *-subalgebra of the bounded operators on the Hilbert space H := L'^{X, E) © L^{dX, F). 

Definition 1. LetA°{E,F) denote the algebra of the (polyhomogeneous) Boutet de Monvel operators of 
order and class zero on H = L'^(X,E) © L^(dX, F), endowed with its natural Frechet topology, and A 
its C* -closure in the algebra of all bounded operators on H. We write A° and A if E = X x C is trivial 
one- dimensional and F ~ 0. 

Let A e A°{E, F) be given as in ([2]). For each entry P, S, G, T, K we have a symbol. This is the usual 
one for P and S, while G, T, and K can be considered as operator-valued pscudodiffercntial operators 
on dX with classical symbols in the sense of Schulze [23] . 

These are defined as follows, see [22]: The principal pseudodifferential symbol cr{A) of A is the 
restriction of the principal symbol of P to the cosphere bundle over X. In order to define the boundary 
principal symbol ^{A) we first denote by p", g°, t^ , fc°, and s° the principal symbols of P, G, T, K, 
and S, respectively. We let E^, p, be the pullback of -B|{a;„=o} to the normal bundle of X, lifted to 
(x',^') G S*dX. For fixed {x',£,') e S*dX, ^„ M> p"(a;',0,^',^„) is a function on the conormal line in 
(x',^'), acting on £'", ^,. It induces a truncated pscudodiffercntial operator 

/(x',0,e',AO+ = rV(a;',0,^',i?„)e+: L2(M>o, ^°,,^,) ^ i'(K>o, ^S'.?')- 

In local coordinates near the boundary we then define the boundary principal symbol j{A){x' , (,') : L^(M>o, E^, ^, 
F,,,e ^ L2(R>o, E°,^^,) © F,,^^, by 

with Dn indicating that we let the symbol act as an operator with respect to the variable Xn only. Note 
that the operator g°{x',^',Dn) is compact and that fc°(x',^', D„), t^{x' ,£^' ,Dn) and s°(x',^') even have 
finite rank. The operator p°(x', 0,^',-D„)+ on the other hand is a Tocplitz type operator; it will not be 
compact unless p° = 0. 

Denoting by /C = 1C{H) the ideal of compact operators on C{H), one has the following important 
estimate based on work by Gohbcrg [7], Seeley [24] and Grubb-Geymonat [9], see [20l 2.3.4.4, Theorem 
1] for a proof: 

(4) inf ||A + i^|| =max{||a(A)||,up,||7(A)||,,p}, 

where the sup-norms on the right hand side are over the cosphere bundles in X and dX, respectively. This 
estimate implies, in particular, that both symbols extend continuously to C*-algebra homomorphisms 
defined on A{E,F). For fixed {x',£,') the range {'y{A){x' ,(,') \ A e A} forms an algebra of Wiener- Hopf 
type operators. 

It also follows from this estimate that 7 vanishes on /C. Since the entries of 'y{A){x' , ^') induced by 5", 
k'^, t'^ and s'^ arc (pointwise) compact while that induced by p^ is not (unless p^ = 0), wc conclude that 
a Boutet de Monvel operator A belongs to ker7 if and only if a{A) vanishes at the boundary. Based on 
this observation (see [161 Section 2] for details) one can show that a induces an isomorphism 

(5) ker7//C = Go(S'*X°). 

The K-thcory of the range of 7 was described in [THl Section 3]. Let b: C{dX) — > Im7 denote the 
C*-homomorphism that maps g to ^{m{f)), where m{f) is the operator of multiplication by a function 
/ e G(X) whose restriction to dX equals g. Then b induces a K-theory isomorphism. 

2. K-Theory of the families C*-algebra 

To simplify the exposition, we shall assume in this section that E = X xCis the trivial one-dimensional 
line bundle and F = 0. 

Let Diff(X) denote the group of diffeomorphisms of X, equipped with its usual Frechet topology. 
Recall that (5: C/ — > dX x [0,1) is the collar fixed at the beginning of Section [T] Let G denote the 
subgroup of DiS{X) consisting of those such that 5 o (j) o 5~^ : dX x [0, 1/2) — > dX x [0, 1) is of the 
form (x',x„) I— !► {ip{x'),Xn) for some diffcomorphism ip: dX —i- dX. We are going to use two properties 
that each (j) G G satisfies: the boundary defining function is preserved (a;„ o cf) — x„ for < x„ < 1/2), 
and the canonical map 2(j): 2X — J> 2X, defined by 2(f) o i± — i± o ip, where i± : X^ — > 2X are the two 
canonical embeddings of X in 2X, is a diffcomorphism of 2X. 
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Throughout this paper, tt : Z — >■ F will denote a fiber bundle over the compact HausdorfF space Y with 
fiber X and structure group G. Note, however, that this choice of structure group is just for convenience 
and can always be (essentially uniquely) arranged for a general bundle with typical fiber X, see the 
Appendix \K\ for details. 

We denote Zy := iT~^{y). Each Zy is a smooth manifold with boundary, non-canonically diffeomorphic 
to X . The restriction of tt to dZ ~ UydZy is a fiber bundle ttq : dZ — > Y with fiber dX and structure 
group Diff(aX). 

Next we define a bundle of Hilbcrt spaces, and later a C*-algebra which will act on its space of sections. 
This is a bit delicate, as it depends on some further choices; therefore we give the details. We choose 
a continuous family of Riemannian metrics (gy)y^Y with corresponding measures fj,y on Zy and define 
Hy := L^(Zy, fjLy). Rccall that such a family (^j,) exists: we can patch them together using trivializations 
of the bundle and a partition of unity on K, as the space of Riemannian metrics on X is convex. 

The union S) = IJ gy Hy is a fiber bundle of topological vector spaces over Y, canonically associated 
to TT : Z ^fY ^ with trivializations induced from the trivializations of tt in the obvious way. The structure 
group is the group of invertible bounded operators on H , equipped with the strong topology. 

Remark 2. That we obtain here the strong topology and not the norm topology comes from the fact 
that the changes of trivialization are implemented by puUback with the diffcomorphisms of G, and this 
is continuous in the strong, but not the norm topology. This makes our considerations about bundles 
of operators later quite cumbersome and requires to use the fact that we deal with pseudodifferential 
operators. 

Moreover, the choice {gy)y^Y gives rise to a continuous family of inner products on S^ inducing the 
given topology of the fibers Hy . 

Let Ay be the Boutet de Monvel algebra of order and class zero on L^{Zy). We want to define the 
bundle of Boutet de Monvel algebras H = IJ gy Ay as locally trivial bundle with structure group the 
automorphism group of the C*-algebra A with the norm topology^ associated to Z ^f Y . 

To achieve this, we need the diffeomorphism invariance of the Boutet de Monvel algebra in a precise 
form. 

Definition 3. Given (j) G G, let T^ denote the hounded operator on L'^(X) defined by f >-^ f o (j)~^ . 

Proposition 4. We have a well defined continuous action (for the Frechet topology on G and the norm 
topology on A) 

GxA3i(t),A)^ T^AT^^ e A. 
Moreover, by restriction we get an action G x A° — > A° . 

Proof. This corresponds to [3J Proposition 1.3]. In fact, even if X is closed, Atiyah and Singer consider 
a slightly different situation in that they close A° with respect to the operator norm of the action on all 
Sobolev spaces, while we only use the operator norm on L^. Their argument still applies verbatim, since 
they treat the action on each Sobolev space separately. 

Indeed, the proof of [31 Proposition 1.3] uses only a number of formal properties of the algebra of 
pseudodifferential operators which are also satisfied by the Boutet de Monvel algebra, and therefore 
applies in the same way to our general situation. To be more specific, let us list these properties: 

(1) the Boutet de Monvel algebra A° is diffeomorphism invariant, i.e. in particular T^ATV^ e A° 
for A& A° and e G. 

(2) Each Tff, is a bounded operator on L'^{X) and the map G — > C{L'^{X)) is strongly continuous. 
Moreover, for a sufficiently small open neighborhood of 1, the image has uniformly bounded 
norm. The proof of this fact as given in [3] works for compact manifolds with boundary exactly 
the same way as for closed manifolds. 

(3) Let Vg denote the space of vector fields on X which, in the collar, pull back from vector fields 
on dX . The exponential map, defined with the help of Riemannian metrics which respect the 
collar structure, gives a local diffeomorphism (of Frechet manifolds) between Vq and G. 

(4) If F G Vg and A ^ A° then the commutator [A, V] belongs to A° by the rules of the calculus, 
cf. in Theorem 2.7.6]. 

All these properties are either well known or easy to establish. D 

Corollary 5. We obtain the bundle H = lj„gy Ay of topological algebras with bundle of subalgebras 
N° = Uj/gy-^u' modelled on (A,A°) with structure group the automorphism group of A with its norm 
topology and the automorphism group of A° its Frechet topology. The local trivializations are induced 
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by the local trivializations of tt: Z -^ Y , where a diffeomorphisms ay : Zy ^ X obtained from the 
trivialization map Ay to A by conjugation with Ta . 

Moreover, the choice of metrics {gy)y£Y induces a continuous family of norms on the fibers of K 
inducing the topology. With these norms the bundle becomes a bundle of C* -algebras. 

Proof. The statement about the bundle of topological algebras follows immediately from Proposition |4l 
Moreover, it is well known that each Ay is closed under taking adjoints in C{L'^{Zy)). 

We now check that with this structure, we obtain a locally trivial bundle of C*-algebras. Fix a local 
trivialization with diffeomorphisms Oiy: Zy ^t X. If we pull back the inner products on Hy to H = L^{X) 
with the induced maps, then the corresponding Gram operator Gy, expressing this puUback inner product 
in terms of the original one on L'^{X), is the multiplication with a smooth positive function niy which 
depends continuously on y: the density of a*fiy with respect to a chosen measure // on X. Note that 
Gy belongs to A and its norm, which is just the supremum, depends continuously on y. Now compose 
the original trivialization of Ay with conjugation by y^G^ and the resulting trivialization will respect 
the C*-algebra structures, but inherit the norm continuity of transition maps. To summarize: with a 
canonical modification (given in terms of the inner products) we have obtained trivializations of our 
bundle N as a bundle of C*-algebras, as claimed. D 

Definition 6. We denote by 21 the set of continuous sections of the bundle H of C* -algebras. With 
the pointwise operations and the supremum norm, this becomes a C* -algebra. The underlying topological 
algebra is canonically associated to tt: Z ^Y, the norm and the ^-operation depend on the choice of the 
family of metrics {gy)y^Y- 

The principal symbol and the boundary principal symbol extend continuously to two families of C*- 
algebra homomorphisms 

ay:Ay^C{S*Zy) and jy-. Ay ~> C{S*dZy,C{L^{R>a))), 

where S* denotes cosphere bundle and C bounded operators. Here 7y is well defined, since the structure 
group of the bundle tt: Z —>■ Y leaves the boundary defining function invariant, see [SI Theorem 2.4.11]. 
Let us denote by S*Z the disjoint union of all S*Zy. This can canonically be viewed as the total 
space of a fiber bundle over Y with structure group G. One analogously defines S*dZ = \JyS*dZy and 
S*Z° = US*Z°. 

Definition 7. Given yl G 21, let a a be the function on S*Z defined by piecing together all the ay 's. Then 
A I— >■ a A defines a C* -algebra homomorphism 

a: 2l^C(5*Z). 

One also gets, analogously, 

7; 21 — ^ G{S*dZ,C{L^{R>o))). 

Let J^ denote the subalgebra of 21 consisting of the sections {Ay)y^Y such that Ay is compact for every 
y € Y. It follows immediately from the corresponding statement for a single manifold that ker(Tnker7 = 
K. It is also straightforward to generalize the description of kcr 7 for a single manifold ([5]) : 

Theorem 8. The principal symbol restricted to ker7 induces a C* -algebra isomorphism 

(6) ker7/Jl2±Co(S'*Z°). 

Here Cq{S* Z°) consists of the elements of C{S*Z) which, for every y (^ Y , vanish on all points of S*Zy 
with base point belonging to dZy. 

Regarding each / G C{Z) as a family of multiplication operators on {Hy)y^Y , furnishes an embedding 
of G{Z) in 21, which we denote m : G{Z) -^ 21. Mapping a g G C{dZ) to the boundary principal symbol 
of m{f), where / G G{Z) is such that its restriction to dZ is g, defines the C*-algebra homomorphism 
b: G{dZ) ^Im7. 

Theorem 9. The homomorphisms 6, : Ki{C{dZ)) — )■ Kiilnv^), i = 0, 1, induced by b are isomorphisms. 

Proof. Given an open set U 'ZY, let us denote by ttjj : Zjj ~ Tr^^{U) — > U the restriction of tt to U, by 
Qiu the algebra of sections in 21 which vanish outside U and by ju the restriction of 7 to 21(7. Moreover 
we let 

CoidZu) = {/ G C{dZ): supp/ C TTg^U)} 
and write bjj for the restriction of b to Co{dZu). If the bundle tt is trivial over U, then 2lf7 is isomorphic 
to Co{U,A) and, with respect to this isomorphism, bu corresponds to the tensor product of the identity 
on Co{U) with the corresponding map for a single manifold, also denoted by b on [TBI [IT]. It is the content 
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of [ini Corollary 8] that b induces a K-theory isomorphism onto the image of 7. It then follows from the 
Kiinneth formula for C*-algebras [3T] that bu induces isomorphisms bjj*- Ki{Co{dZij)) — > Ki{lin'^ij), 
i = 0, 1, see Proposition [21] in Appendix [BJ 

Now let (Im7)[/ denote the subset of Im7 consisting of those functions which vanish outside Uy^uS*dZy. 
It is obvious that Imju C {lm.j)u. Since both Imjjj and (Im7)c/ are closed in C(5*9Z, £(L^(M>o))), 
to show that they are equal it sufHces to show that the former is dense in the latter. This follows from 
the fact that multiplication by a complex continuous function with support contained in U maps (hn'y)u 
to Im7[/. This simple observation implies that, for open sets U and V, we have a canonical C*-algebra 
isomorphism 

(7) Imjunv = {{f,9) G Im-fu ®'imjv; f = 9}- 

Now suppose that we have shown &[/* to be an isomorphism for some open U and that V is open and 
TT trivial over V, and so in particular also over U OV. We then consider the two — thanks to ([7]) — 
diagrams 

Co{dZunv) -^ Co{dZu) Im7;7ny -^ Imju 

4- 4, and 4- i- 

Co{dZv) -^ Co{dZuuv) lm"/v -^ Im7;7uy 

Because they are cartesian, we may extract from both diagrams cyclic exact Mayer- Vietoris sequences 
(see [H 21.2.2] or [151 7.2.1]), and we may use the K-theory maps induced by bu, by, bunv and buuv 
to map the first cyclic sequence to the second. By assumption and the case of trivial bundles, the maps 
induced by bu, by and bunv arc isomorphisms. It then follows from the five- lemma that also buuv 
induces a K-thcory isomorphism. 

Since Y has a finite cover by open sets over which n is trivial, induction shows that b induces K-thcory 
isomorphisms. □ 

Using Theorem|Sl we obtain the following commutative diagram of C*-algebra homomorphisms, whose 
horizontal lines are exact: 

— > Cq{S*Z°) — > 21/ J^ -^ Im7 — > 



0^ Co{Z°) -^ C{Z) -^ C{dZ) -^Q 

We have denoted by r the map that pieces together all restrictions Tj, : C{Zy) — > C{dZy), y ^Y, and 
by Z° the union UyZ°. Since the isomorphism ^ is induced by the principal symbol, and the principal 
symbol of an operator of multiplication by a function is the function itself, the map 771° in the diagram 
above is actually the map of composition with the canonical projection S*Z° — > Z°. We may apply 
the cone-mapping functor |17l Lemma 9] to the above diagram and get (using the same arguments that 
prove (11) in |17j ) the following commutative diagram of cyclic exact sequences 

^ Ko{C{Z)) 

^ A'o(2l/i?) 

i 

^ Ki{Cm) 

i 
(8) Ki{Co{Z°)) -^ Ki{C{Z)) , 

i 

^ Ko{Cm) 

i 
^ KoiC{Z)) 

where = denotes isomorphism. 

Up to this point, everything goes exactly as in the case of a single manifold, but here comes a difference: 
The homomorphism ttiq does not necessarily have a left inverse (in the case of a single manifold X, such 
a left inverse is defined by composition with a section of S*X)^ and hence the cyclic exact sequences 
above do not have to split into short exact ones. 

To proceed we now introduce the subalgcbra 21^ of 21 and an associated subalgcbra B of C{S*Z) 
with the properties outlined in the introduction: For each y G Y, let By denote the subalgcbra of 
C{S* Zy) consisting of the functions which do not depend on the co- variable over the boundary, that is, 
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an / G C{S*Zy) belongs to By if and only if the restriction of / to the points of S*Zy over dZy equals 
g o Py, for some g G C{dZy), where Py: S*Zy — > Zy is the canonical projection. We then define A^y 
as the C*-subalgcbra of Ay generated by {-P+; P is a pseudodifferential operator with the transmission 
property and ay{P+) G By}. 

Definition 10. Let B denote the subalgebra ofC{S*Z) consisting of the functions whose restriction to 
each S* Zy belongs to By. We let then 21^ be the C* -subalgebra of Wi consisting of the sections {Ay)y^Y 
such that Ay G A], for every y ^ Y . 

Proposition 11. The C* -algebra %'^ / ^ is commutative, and the map 

21VJ^ 3 [A]^a{A) G B 
is a C* -algebra isomorphism. 

Proof. Let P ~ {Py) be a family of pseudodifferential operators with symbol independent of the co- 
variable over the boundary, i.e. a generator of 21^. According to ([3]), 7(P) can be considered as a 
function on dZ, acting for z G dZ on L^(IR>o) by multiplication with ^{P){z). Moreover, for z G dZ we 
have 7(z) = a-{z) independent of the co-variable by assumption. It follows that the composed algebra 
homomorphism 

a: 21^ ^^ C{S*Z) © C{S*dZ, /:(L2(R>o))) EL^ C{S*Z) 

has the same kernel as cr © 7, namely .ft and so the map we consider is injective and in particular 2l^/j? is 
commutative. By the very definition of 21^, a: 2t^ -^ B has dense image, as a morphism of C*-algebras 
it is therefore also surjcctivc. D 

This allows us to describe the K-theory of 21/ J?: 

Theorem 12. The composition 

K,i^/Si)^K,{^^ /ii)^K,{B) 
is an isomorphism, i = 0, 1. 

The proof makes use of the following proposition, which is easily established by a diagram chase, 
compare [TUJ Exercise 38 of Section 2.2]: 

Proposition 13. Let there be given a commutative diagram of abelian groups with exact rows, 
■■■ ^ A', A B[ ^ C[ ^ A^+i ^ ••■ 

■■■ ^ A, ^ B, ^ a, ^ A,+i ^ ••• 
where each Ci is an isomorphism. Then the sequence 

is exact, where {f-,bi) is the map defined by {f[,bi){a, 13) ~ fiio) + bi{P). 

We are now ready to prove Theorem[T21 Applying Proposition[T3]to the diagram ([5]), we get the exact 
sequence 

Ko{Co{Z°)) ^ Ko{C{Z))®K„{C„{S*Z°)) ^ K„{^/^) 

(9) t ; • 

Kii^/a) ^ K\iCiZ))(BK,iCo{S*Z°)) ^ R\{CoiZ°)) 
We next consider the following diagram of commutative C*-algebras 

Ca{Z°) ^ Co{S*Z°) 

(10) ; iP2 . 

CiZ) -^ B 

As Co{Z°) is canonically isomorphic to 

{{f,g)eC{Z)(BCo{S*Z°); Pi{f) = P2{g)}, 
the Mayer- Vietoris exact sequence associated to (fTU)) is the exact sequence 

Ko{Co{Z°)) ^ Ko{C{Z))®Ko{Co{S*Z")) ^ Ko{B) 

(11) t ; 

R\iB) ^ K^{C{Z))®K^{C^{S*Z°)) ^ KiiCoiZ°)) 
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The map t: B = ^^ /M.^^ 21/^ and the identity on the other K-theory groups furnish morphisms from 
the cychc sequence (fTTj) to the cychc sequence ^. The five lemma then shows that the induced maps 
in K-theory are isomorphisms. Together with Proposition [11] we obtain the assertion. D 

3. The Boutet de Monvel family index theorem 

The index of a continuous function with values in Fredholm operators was defined by Janich jll| and 
Atiyah P]- Using the following Proposition [T31 their definition can be extended to sections of our H. 

Proposition 14. Let S) and 21 be as above, k G N and let {Ay)y^Y G Mk{Qi) be such that, for each y, 
Ay is a Fredholm operator, where we interpret Affc(2l) as the sections of the bundle with fiber Mk{Ay). 
Then there are continuous sections si, • • • ,Sq of Sj^ such that the maps 

Ay-. iJ^©C« -^ H^tSC 

iv,X) ^ (A,« + El=iA,s,(y),0) 

have image equal to Hy © for all y GY and (ker Aj,)j,gy is a (finite dimensional) vector bundle over 
Y. 

Proof. Similar to [3l Proposition (2.2)] and to E| Proposition A5]. □ 

Definition 15. Given A ~ {Ay)yi=Y £ ^ as in Proposition \14\ we denote bykciA the bundle (kerAj,)j,gy 
and define 

inda(A) = [keri] - [Y x C«] G K{Y). 
This is independent of the choices of q and of si, ■ ■ ■ , Sq and we call it the analytical index of A. 

li A = {Ay)y^Y G Affc(2t) is a section such that each Ay is a Fredholm operator on Hy then the 
projection to Mfc(2l/.ft) is invcrtible and hence defines an element of Ki{'Qi/M.). Since inda(^) is invari- 
ant under stabilization, homotopics and perturbations by compact operator valued sections, we get a 
homomorphism 

(12) inda-. Kii^/H) ^ K{Y). 

Next we define the topological index, also as a homomorphism 

indt: A'i(2l/i?) — > K{Y). 

Let T* Z denote the union of all T* Zy, and B* Z the union of all B* Zy, equipped with their canonical 
topologies, where B* Zy denotes the bundle of closed unit balls of T*Zy. One may regard B* Z as a 
compactification of T*Z and identify the "points at infinity" with S*Z. 

Let ^ denote the equivalence relation that identifies, for each y gY , all points of each ball of B* Zy 
which lies over a point of dZy. The C*-algebra B of Theorem[T2]is isomorphic to the algebra of continuous 
functions on the quotient space S*Zl^. Let /3: Ky(C[S*ZI^)) -^ Kq(Cq{T* Z°)) denote the index map 
associated to the short exact sequence 

— ^ Co{T*Z°) — ^ C{B*Z/r^) -^ C{S*Z/r^) -^ 0, 

where T* Z° is the union over y G Y oi all points of T* Zy which lie over interior points of Zy and the 
map from C{B*Z/^) to C{S*Z/^) is induced by restriction. 

Let 2Z denote the union Uy2Zy, where each 2Zy is the double of Zy, and TTd'. 2Z ^ Y the canonical 
projection. This can be given the structure of a Diff(2X)-bundle, with trivializations obtained by "dou- 
bling" (as explained at the beginning of Section [2]) the trivializations of the bundle n: Z ^ Y. Each 
fiber 2Zy is then equipped with the smooth structure induced by the trivializations of tt^ : 2Z — > Y and 
we can form the bundles T*2Z and S*2Z as the unions, respectively, of all cotangent bundles T*{2Zy) 
and of all cosphcrc bundles S*{2Zy), y eY. We denote by AS-indt : Ko{Co{T*2Z)) -^ K{Y) the com- 
position of Atiyah and Singer's [3] topological families-index for the bundle of closed manifolds 2Z with 
the canonical isomorphism K{T*2Z) ~ Ko{Co{T*2Z)). Theorem [T^ allows us to define the topological 
index: 

Definition 16. The topological index indt is the following composition of maps 

indt: Ki{^/.iif'-^'K\{C{S*ZH)^Ko{Co{T*Z°))^ Ko{Co{T*2Z)) 

I AS-indt 

KiY), 
where e: Cq{T* Z°) — > Co{T*2Z) denotes the map which extends by zero. 
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li A = {Ay)y^Y £ 21 is a family of Fredholm operators we denote by mdt{A) the topological index 
evaluated at the element of Kii^/^) that A defines. 

Theorem 17. Let A — {Ay)yQY S 21 6e a continuous family of Fredholm operators in the closure of the 
Boutet de Monvel algebra for each y. Then 

(13) mda{A) = ind,(^). 

Proof. Our strategy is to derive the equality of the indices from the classical Atiyah-Singer index 
theorem for families [3] Theorem (3.1)]. To this end we define an operator family A acting on a vector 
bundle over the double of Z by a gluing technique involving the principal symbol family of A. We proceed 
in several steps. Step 1 consists of a few preliminary remarks on the choice of the representative of the 
K-theory class of A. In Step 2 wc describe the construction of the bundle. We then define the operator 
family A over 2Z in Step 3. Its topological index coincides with that of A as we shall see in Step 4. The 
equality of the analytic indices of A and A is the content of Step 5. 

Step 1. We need to prove that indt and inda coincide on A'i(2l/.ft). Using that Ki{'Qi/M) = Ki{'QiyM) 
by Theorem [T^l an arbitrary element of Ki{'Qi/M.) is a class [[^]]i (the inner brackets denoting a class 
in the quotient by the compacts), for some operator family A = {Ay)y^Y £ ^^fc(2l^); /c e N, such 
that, for each y, Ay : H^ — > H^ is a Fredholm operator with symbol in B. It will be convenient to 
pick a representative with special properties. We denote by C°°{S*X/^) the subset of C°°{S*X) of 
functions which factor through S*X/r^, i.e. arc independent of the co-variable at the boundary. The 
algebraic tensor product Co{U) (8) C°°{S*X/^) is dense in C{U x S*X/^) for every open subset U of 
Y. Furthermore, the inclusion of the space of all elements in C°°{S*X/ ^) which are independent of 
the CO- variable even in a neighborhood of dZ into C°°{S*X/^) is a homotopy equivalence. We can 
therefore assume that the symbol family {ay{Ay))y^Y is given as a finite sum of elements supported in 
open subsets U oi Y over which Z is trivial, and each of these is a pure tensor in Co{U) (E) C°°{S*X) 
which is independent of the co- variable near the boundary. Hence it suffices to prove equality for such 
an A. 

Step 2. For each y g F, let Z+ and Z~ denote the two copies of Zy which are glued together at dZy 
to form 2Zy. The map iy : dZ^ — >■ dZy identifies the two copies of dZy. We define Ey as the quotient 
of the disjoint union Z+ x C'^ U Z^ x C*^ by the equivalence relation that identifies the pairs (a;, v) and 
(x', w) if and only if they are equal or x' — iy{x), x G dZ^, and w = ay{Ay){x)v (remembering that at 
points of S*Zy over dZy, ay (Ay) is independent of the co- vector variable). This set Ey naturally becomes 
a smooth vector bundle over Zy. Let E denote the union of all Ey, which in the same way becomes a 
vector bundle over Y. 

When defining families of smooth manifolds with smooth vector bundles, Atiyah and Singer make the 
technical assumption that the fiberwise vector bundles are isomorphic to a fixed vector bundle on the 
typical fiber. If Y is not connected, this is not necessarily satisfied. However, the isomorphism type of Ey 
depends only on the homotopy type of the map ay, in particular only on the component of the space of 
all continuous maps from dZy to Mfe(C) in which it lies. By the compactness of Y, the latter decomposes 
into finitely many open and closed subsets over each of which the isomorphism type of Ey is constant. 
As the K-theory of Y as well as 21/.S split as direct sums under such disjoint union decompositions of Y, 
and as inda, indt respect this, we can restrict to one such subset of Y . Then we arc canonically in the 
situation of [3l Definition 1.2], i.e. £' is a smooth vector bundle over the family of smooth manifolds 2Z. 

Step 3. Let tt^: S*2Z — )■ 2Z denote the canonical projection and S*Z^ and S*Z~, respectively, the 
union of all S*Z+ and S*Zy,yeY. The bundle Tr*E can be seen as the disjoint union of S*Z+ x C*^ and 
S*Z~ X C'^ quotiented by the equivalence relation that identifies a boundary point (s, v) in S*Z'^ x C'^ 
with {s,aA{s) ■ v) in S*Z~ x C'^ . Similarly, the bundle S*2Z x C*^ can be seen as the disjoint union of 
S*Z^ x C*^ and S*Z^ x C*^' quotiented by the equivalence relation that identifies a boundary point (s, v) 
in S*Z+ X C'^ with {s,v) in S*Z- x C*^. We then define a £ Hom(7r*^, S*2Z x C*^) by 



(14) a{s,v) 



aAis)-v, ii{s,v)eS*Z+ X 
V, ii{s,v)eS*Z- X 



We want to show that a is the symbol of a continuous family of pseudodifferential operators. As any 



X 



element of Hom(7r*£^, S*2Z x C ), our a can be regarded as a family {ay)y^Y, a,y € lioT[i{Tr*Ey, S*2Z. 
C''). It is easily checked that our definition of a indeed mends continuously at boundary points. But 
more is true. Since ay (Ay) is smooth and independent of the co- variable near the boundary, each dy is 

Miinster Journal of Mathematics Vol. 1 (2008), 99999-99999 



100008 S. Melo, T. Schick, E. Schrohe 

smooth. Moreover, since we assumed in Step 1 that a is a finite sum of local elementary tensors, we see 
that a is the symbol of an Atiyah-Singer family of pseudodifferential operators on 2^. 

Step 4. Let l: Ko{Co{T*2Z)) -^ K{B*2Z,S*2Z) ~ K{T*2Z) denote the canonical isomorphism (we 
refer to [4] and mainly [12] for topological K-theory definitions and notation) . By Definition [161 it is 
enough to show that i(e*(/3([cr^]i))) is equal to the element of K{B*2Z,S*2Z) defined by the triple 
(tt^-E, B*2Z X C'^, a), where -Kb ■ B*2Z — > 2Z denotes the canonical projection. 

The main step here is to understand /3([cryi]i). Now, a a can and will be considered as a function 
on S* Z / r^ with values in Glk(C), representing an element in Ki(C{S* Z/ ^)) and at the same time 
the corresponding element of the topological K-theory K^{S*Z/ r^), [12l 3.2]. Recall from [T2j 3.21] 
that for the pair of compact topological spaces S*Z/ ^ C B*Z/ '^, the boundary map in topological 
K-theory assigns to a a the relative K-class {{B* Z/^) x C'^, {B* Z/^) x C'^, cta), corresponding under the 
excision isomorphism K{{B*Z/r^), (5*Z/-)) = K{B*Z,S*Z) to {B* Z x £.^,B*Z x C*=,crA), compare 
[T^ 2.35]. Moreover, this corresponds to /3 under the isomorphism with C*-algebra K-theory. We next 
have to compute the map e*"^: K{B*Z,S*Z) — )- K{B*2Z,S*2Z) in topological K-theory, representing 
e*: Ko{Co{T*Z)) -^ Ko{Co{T*2Z)). RecaU, however, that e*''P{V,W,T) is given by any extension V 
of V, W oi W to B*2Z and an extension of r to an isomorphism f between V and W on all of 
{B*2Z \ B*Z) U S*Z, f finally restricted to S*2Z. Finally, observe that {tt^E, B*2Z x €*=, a) provides 
exactly such an extension (as a extends as id over all oi B*2Z\B*Z) and therefore represents te*(/3([o'yi])), 
as we had to prove. 

Step 5. In order to show that the analytic indices coincide, we will introduce yet another operator 
family. Since a {A) is independent of the co- variable near the boundary, there is an open set U C 2Z 
containing Z^ = UyZy and a bundle isomorphism 

$: E\u — >U X C'^ 

such that the restriction of a to n~^{U) is equal to the pullback of $ by -Kg. Let {Xy)veY and {Xy)yGY 
be continuous families of smooth functions on 2Z with < xt ^ 1; (Xy )^ + iXy)^ = 1- Moreover, let 
the support of each Xy be contained in the interior of Z+ and x+ = 1 outside a neighborhood of 9Z+ 
in U. Then 

^V ~ Xy -^yXy "T Xy '^yXy i 

defines a family of pseudodifferential operators in the sense of Atiyah and Singer which has the same 
principal symbol ~ and hence the same analytic index - as A. 

For each y e Y, we canonically identify the space L'^{Ey) of L^-sections of Ey with the direct sum 
L'^{Z^; C'^) © L?{Z~; C^) and denote by e^ and r^ the maps of extension by zero and restriction, 

e± : L\Z^;C'') ^ L^Ey) and r± : L^2Zy; C'=) ^ L\Z^;C''). 

Then By — r^ByCy defines a continuous family B = {By)y^Y in Affe(2l). As a{A) = (j{B) (and hence 
j{A) = 7(i3)), it suffices to prove that the analytic indices of B and 13 are equal. 

Proposition (2.2) of [3], applied to the family B provides us with sections s^ € C°°{2Zy ;€''), y &Y, 
1 < .7 < q, such that 

Qy:C°^{2Zy;Ey)®C'' ~^ C°°(2Zj,; C'=) 

{u;Xi,--- ,Xq) 1 — > By{u)+Y.]=i^jsi 

is onto, ker Q = (ker Qy)yeY is a vector bundle and the analytic index of B is equal to [ker Q] — [y x C] . 
Now let t^y = T^ s^ E C°°{Zy; C*^). The continuity with respect to y that we get from [31 Proposition (2.2)] 

is enough to ensure that {Vy)y<zY is a continuous section of our bundle of Hilbert spaces M L'^{Zy-. C'^). 

yeY 
We then define 

Qy:L^{Zy-<C^)®€.'i — > L^^Zy-C") 

(u;Ai,---,A,) ^— > By{u) + Y.]=i\jti 

Since By is elliptic, kerQy C C°°{Zy;C'^). Using that $y is local, it is straightforward to check that 

y ~ ^y ''y y^'y ^'y "'^ ^y ^y y^y ^'y ~ ^y y^'y ^~ ^y 'y y^y ^y 

and, hence, kerQj, and kerQ.y are isomorphic for each y (because $ is an isomorphism). Moreover, Qy 
is also surjective: Given v E L^{Zy; C'^), if u G L'^{2Zy\ Ey) is a preimage of CyV under Qy, then r+u is 



Recall that they use a slightly stricter definition of operator families: While we here require continuity of the family 
with respect to the L^(X)-operator norm, they take into account the norms on the whole range of Sobolev spaces. 
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a preimage of v under Qy. Hence the analytic index of B is given by [kerQ] — [Y x C]. The bundles 
kerQ = (kerQj,)j,gy and kerQ are isomorphic and then 

mda{B) = [kcrQ] - [Y x C] = [kcrQ] - [Y x C] = inda(i3), 

as we wanted. □ 

4. NONTRIVIAL BUNDLES 

In this section we discuss families of Boutet dc Monvel operators acting between vector bundles. The 
case considered in the first two sections correspond to the case of trivial bundles over the manifolds and 
the zero bundle over the boundary. 

In addition to the data assumed up to this point (a bundle of manifolds it: Z ^ Y with fiber X), 
we take smooth vector bundles E and F over X and dX, respectively. Let DiS{dX, F) denote the 
group of diffeomorphisms of F which map fibers to fibers linearly, and let Ge denote the group of 
diffeomorphisms of E which map fibers to fibers linearly and whose restrictions to the base belong to the 
group G defined on page IIOOOOII We equip DiS{dX, F) with its canonical topology [31 page 123] and 
do a similar construction for Ge- Note that there are homomorphisms "forget the action in the fiber" 
hg : Diff (5X, F) -^ BiS{dX) and h : Ge -> G. Define the fiber product group 

Gr := {(0,V) G BiS{dX,F) X Ge \ hs{^) - h{^)}. 

Let {p: E ^ Z; q: F —^ dZ) be maps such that {it o p: E ^ Y\ ttq o q: F ^f Y) are bundles with, 
respectively, fibers E and F and structure group Gr- It follows that, for each pair of local trivializations 
[a, p) oi [it o p: E ^ Y ] F —>■ Y) there are local trivialization aa oi tt: Z ^ Y and /3o of dZ -^ Y such 
that the diagram 

(7rop)-i([/) ^ UxE 

TT-^{U) ^ UxX 

commutes, where the right vertical arrow is the identity on U times the bundle projection on E. This 
defines a vector bundle structure iov p: E -^ Z. Moreover, for each y e Y, the restriction of p to 
Ey = (tt op)~^{y) defines a smooth vector bundle Py-. Ey ^ Zy, isomorphic to E ^ X . We obtain the 
corresponding result for the the map q and get a vector bundle q: F ~¥ dZ and, for each y ^ Y, a smooth 
vector bundle qy'.Fy-^ dZy isomorphic to i^ — )• dX. 

Choose now, in addition to the family of Riemannian metrics {gy)y(^Y families of Hermitcan metrics 
on Ey and Fy which depend continuously on y G Y . Using them, we get families of Hilbcrt spaces 
Hy := L'^[Zy\ Ey)®L'^{dZy] Fy) whlch patch together to a bundle of Hilbert spaces. Let A{E, F)y denote 
the C*-subalgebra of the algebra of all bounded operators on Hy generated by the polyhomogeneous 
Boutet de Monvel operators of order and class zero. 

Exactly as [5J Proposition 1.3] our Proposition 2] generalizes to the case of non-trivial bundles and 
their diffeomorphisms and is the basis for the generalization of Corollary [5] to the case of non-trivial 
bundles: the A{E,F)y form in a canonical way a continuous bundle of C*-algebras, which we continue 
to call H by abuse of notation. 

Let 21 denote the set of continuous sections of the bundle H, forming again a C*-algebra with pointwise 
operations and supremum norm. The K-theory results of Section [5] can be extended to this more general 
setting using arguments similar to those used in [T7]. In particular, the analytic and topological index 
given in Section |3] can also be defined as maps Ki{'Qi) -^ K{Y). Theorem [T7l then extends to this more 
general setting. 

Remark 18. Variants of Theorem [T71 the family index theorem for the Boutet de Monvel algebra for 
real K-theory or for equi variant K-theory should hold as well, and one should be able to derive them 
along the lines used in the present article. 

Appendix A. Reduction of the structure group 

Let, as in the main body of the text, X be a compact smooth manifold with boundary dX, and fix 
a collar diffcomorphism S: U ^ dX x [0, 1) with collar coordinate a;„. Recall that G was defined as 
the subgroup of the diffcomorphism group Difi'(A) of those diffeomorphisms which respect the product 
structure and collar coordinate for Xn G [0,1/2). For convenience, in the text we were working with 
bundles of manifolds modelled on X and with structure group G, i.e. with a canonically defined collar 
of the boundary in each fiber of the bundle. 
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In this appendix, we prove that, for any bundle (over a paracompact space) with structure group 
DifF(X) we have a unique (up to isomorphism) reduction to the structure group G. In other words, the 
functor from bundles (over a given paracompact base) with structure group G to bundles with structure 
group Diff(X) which "forgets the collar" is an equivalence of categories. [This is similar to the (unique 
up to isomorphism) choice of a Riemannian metric on a given finite dimensional vector bundle: reduction 
of the structure group from Gl{n) to 0{n)] 

It is well known that we get this unique reduction of structure group if the inclusion G — > Diff(X) is 
a homotopy equivalence, compare [B] for a rather refined version of this fact. We therefore show 

Theorem 19. The inclusion G — >■ Diff{X) (and therefore the corresponding map BG — >■ BDiff{X)) are 
homotopy equivalences. 

Proof. Observe first that G and DifF(X) as well as BG and _BDiff(X) are paracompact Frcchet manifolds 
by [UJ Sections 41, 42, 44.21] (the reference is for DifF(X), but the proofs easily generalize to G). 
Therefore it suffices by [THl Theorem 15] to show that G — >■ Diff(X) is a weak homotopy equivalence and 
it follows automatically that it is a homotopy equivalence. 

To show that the map is a weak homotopy equivalence, we have for a continuous map f : K ^ Diff(X), 
where if is a compact CW-complex, to construct a homotopy fs from /o = / to an /i which takes values 
in G. Moreover, the homotopy should be constant on every CW-subcomplex Kg of K where / already 
maps to G. Note that Kq is a deformation retract of a neighborhood U, i.e. there is a homotopy 
h: K X [0,1] —^ K from the identiy to hi such that hi{U) = Kq and such that ht is the identity on Kq. 
Be precomposing with hi we can therefore assume that / maps the neighbourhood U of Kq to G. 

Let us now construct the family /(. Choose rj G (0, 1] such that f{k) — So f{k) o (5^^ maps dX x [0, rj) 
to dX X [0,1) for all k&K and write f{k){x',t) = {ip{x' ,t;k),T{x' ,t;k)). 

In two steps we shall now first deform r to a function f which equals t for small t and then tp to a, 
function which depends only on x' for small t. 

Observe that, as f{k) is a diffeomorphism of a manifold with boundary, §f > and therefore, by 
the compactness of K, if we choose rj small enough, C > ^ > c > for some C > c > on all of 
KxdXx[0,r]). 

Pick a smooth function a: [0, rj) — > [0, 1] such that a{t) = for t close to zero, a{t) = 1 for < close to 
77 and such that 

t{x', t; k) = {l- a{t))t + a{t)T{x' , t; fc), {x\t) e dX x [0, 77), 

satisfies dT{x' ,t;k)/dt > c/2 for every x' G dX end every k € K. To construct such an a, we use 
the uniform growth of r: Choose, for some given e > 0, the function a so that (1 — a)t is monotonely 
increasing on the interval [0,4e] with (1 — a)t = t on [0,e] and (1 — a)t = 2e on [3£,4e]. Then a is 
necessarily increasing with a = near and a(4£) = 1/2. Moreover, f is strictly increasing as r is. 
Finally choose a on [4e,77] such that (1 — a)t monotonely decreases to and equals zero on [77 — e,??]- 
Moreover, we arrange for the derivative 9t((l — a)t) to be always > —2—^^. Again, a is necessarily 
increasing with a = 1 near 77. The derivative dtiar) can therefore be estimated from below by c/2. For 
e sufficiently small, we will therefore have 2^-^^ < c and thus dtf{x\t; fc) > for all x\t, k. Note that 
then f{x', t;k) — t for t close to zero, and f(x', t; k) ~ t(x' , t; k) for t close to 77, uniformly in k. We then 
let 

Ts = ST + {I - s)t, < S < 1. 

Then ^ > c/2 on K x dX x [0, 77). 

For the second step fix a smooth function p: [0, 1) — > [0, 1) with p{t) = for t < e and p{t) = t for 
t > 1 — e. Next choose a smooth family of smooth functions Ps, < s < 1 such that po is the identity 
and pi = p. By compactness, we have a uniform bound \dps(t)/dt\ < R. For a given 77 > 0, define 
Ps'(i): [0,77) -^ [0,77);i 1-^ i]ps{ri^^t). Then still \dp'2/dt\ < R, even independently of 77. 

Let (fs{x',t) := ip{x' , p'2{t)) and fs{k){x',t) = {ips{x' ,t),Ts{t)). Then fg equals the given / for t close 
to 77. Therefore fg ^ 5^^ o fgoS extends (independently of s) to a self-map of X. Moreover, ] fe- ] < ] -Sp- \ 

for all s. And for t ~ we have ^ = 0. On the other hand, -^\{x',t) = 'di^\{x',p^{t)) is, for 77 small 
enough, invertible on [0,77] with uniform bound on the norm of the inverse (and with better bounds if we 
choose rj smaller), and \-$^{x' ,t)\ = \-S, , /,sJ ■ \dp^/dt{t)\ which is uniformly bounded, independent 
of 77. 

By choosing rj small enough, therefore drg will be linearly independent from dip{x' , Ps(t)) and so fs{k) 
is a submersion for all s,k. We check that we actually constructed diffeomorphisms. We made our 
construction such that all the maps fs{k) are submersions which map the boundary to itself, therefore 
the image is an open subset of A". As A is compact, the image is also closed, and the map being a local 

Munster Journal of Mathematics Vol. 1 (2008), 99999-99999 



Families of Boutet de Monvel operators 100011 

diffeomorphism, is a covering map. Because it is homotopic to the diffeomorphism /(fc), it is a trivial 
covering map and therefore a diffeomorphism. 

It is obvious that /o = / and /i(fc) hes in the variant of G where 1/2 is replaced by 77 — e. 

Next, we compose with a family of reparametrizations of the collar [0,1) which stretches [0, 77 — e) 
to [0, 1/2) such that in the end we really map to G. Note that our construction is carried out in such 
a way that for k £ U, where f{k) was already in G, fs{k) G G for all s, although, because of the last 
rcparamctrization step, not necessarily fs{k) = f{k). 

Therefore, finally, we choose a function (3: K -^ [0, 1] which is 1 outside U and on Kq and replace 
the homotopy fs{k) with fi3{k)s{k). 

This yields the desired homotopy from /o = / to an /i taking values in G. Moreover, the mapping is 
constant on Kq. 

D 

Appendix B. The Kunneth formula 

By the "Kiinneth formula" , we mean the following theorem of Schochct [3T] : 

Theorem 20. Let A and B be C* -algebras with A in the smallest subcategory of the category of separable 
nuclear C* -algebras which contains the separable Type I algebras and is closed under the operations of 
taking ideals, quotients, extensions, inductive limits, stable isomorphism, and crossed product by TL and 
by M. Then there is a natural 'Z,/2-graded exact sequence 

(16) ^ K^{A) (g) K^B) -^ R\{A (g) B) ^ Tor {R\{ A), R\{B)) -^ 0. 

We use this Theorem to prove a statement made in the proof of Theorem [2J 
Proposition 21. &[/* : Ki{Co{dZu)) — !> Ki{hn^u) is an isomorphism, i = 0,1. 

Proof. Let A ~ Cq{U) and B — C{dX). Then Ira^u is equal io A® C, where C is the image of the 
boundary principal symbol for the single manifold X. As explained in the Introduction of [16], C can be 
regarded as a C*-subalgebra of C{S*dX) (g) T, where T denotes the Toeplitz algebra. Since T belongs 
to the category defined in the statement of Theorem [50] (see Examples 5.6.4 and 6.5.1 in [TS]), we may 
apply Schochet's theorem ioi A® B and for A(^C. 

Now let b: C{dX) — >■ C be the map analogous to the map b defined right before the statement of 
Theorem [S] In [TO] Section 3], it is proven that b induces a K-theory isomorphism (b was denoted b in 
[16] [17]). Using that the exact sequence of Theorem [20l is natural, we can map ([T6| to the corresponding 
sequence obtained by replacing B with C. Since the maps induced by b are isomorphisms, it follows 
from the five-lemma that the maps induced by bu = id^ ® b are also isomorphisms. □ 
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